GRAM DETERMINANTS AND SEMISIMPLICITY CRITERIA 
FOR BIRMAN-WENZL ALGEBRAS 
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Abstract. In this paper, we compute all Gram determinants associated to all 
cell modules of Birman-Wenzl algebras. As a by-product, we give a necessary 
and sufficient condition for Birman-Wenzl algebras being semisimple over an 
arbitrary field. 



1. Introduction 

In 3 , Birman and Wcnzl introduced a class of associative algebras :M n , called 
Birman-Wenzl algebras, in order to study link invariants. They are quotient alge- 
bras of the group algebras of braid groups. On the other hand, there is a Schur-Weyl 
duality between SS n with some special parameters over C and quantum groups of 
types B, C, D [3T]. Thus, £% n plays an important role in different disciplines. 

In this paper, we work on 3B n over the ground ring R :— q ± , where 

lu = q — q^ 1 and q, r are indeterminates. 

Definition 1.1. [3] The Birman-Wenzl algebra 38 n is a unital associative i?-algebra 
with generators X"i, 1 < i < n — 1 and relations 

a) (Ti - q){Ti + q' 1 )^ - r' 1 ) = 0, for 1 < i < n - 1, 

b) TiT i+ iTi = T i+ iTiT i+ i, for 1 < i < n - 2, 

c) TiTj = TjTi, for \i - j\ > 1, 

d) EilfEi = ^Ei, for 1 < i < n - 1 and j = i ± 1, 

e) EiTi = TiEi = r~ l Ei, for 1 < i < n - 1, 
where E { = 1 - w -1 ^ - Tr 1 ) for 1 < i < n - 1. 

In [T5], Morton and Wassermann proved that is isomorphic to Kauffman's 
tangle algebra [10 whose i?-basis is indexed by Brauer diagrams. This enables them 
to show that 3§ n is a free i?-module with rank (2n — 1)!!. Let F be a field which 
contains non-zero elements q, r and q— q 1 . Then the Birman-Wenzl algebra SS n ,F 
over F is isomorphic to SS n ®b. F . In this case, F is considered as an i?-modulc 
such that r, q, ui act on F as r, q, and q q 1 , respectively. We will use instead 
of 3§ n ,F if there is no confusion. 

Let (E{) be the two-sided ideal of 3§ n generated by E\. It is well-known that 
3§ n / (Ei) is isomorphic to the Hecke algebra associated to the symmetric group 
6„. If we denote by gi,l < i < n — 1 the distinguished generators of Jif n , then the 
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defining relations for are as follows: 

(ft - l)(9i + -T 1 ) = for 1 < i < n - 1, 

9i9i+i9i = 9i+i9i9i+i, for 1 < i < n - 2, 

ftffi = ^ft; for N - J'l > !• 

The corresponding isomorphism from @! n /{E\) to sends Tj (mod (£a)) to ^ 
for all 1 < i < n — 1 . 

Using the cellular structure of ,3^f n together with Morton- Wassermann's result in 
[T5] . Xi [52] proved that @) n is cellular over R in the sense of [5]. 

In [5] , Graham and Lehrer constructed a class of generically irreducible modules 
for each cellular algebra, which are called cell modules. A question arises. When 
is a generically irreducible cell module not irreducible? Graham and Lehrer proved 
that any cell module of a cellular algebra is equal to its simple head if and only 
if the cellular algebra is (split) semisimple. This gives a method to determine the 
semisimplicity of a cellular algebra. 

There is no result on the first problem for BB n . In [H], Wenzl used the "Jones 
basic construction" and the Markov trace on 3B n to give some partial results for 
being semisimple. More explicitly, Wenzl [211 5.6] proved that 38 n is semisimple 
over C except possibly if q is a root of unity or r = q k for some k £ Z. However, 
there is no explicit description for such fc's. 

Enyang constructed the Murphy basis for each cell module of 38 n in [7] on which 
the Jucys-Murphy elements of 3§ n act upper triangularly. This enables us to use 
standard arguments (see e.g. [H] or more generally, |14j ) to construct an orthogonal 
basis of 3$ n . Via this orthogonal basis together with classical branching rule for 
SB n in [21) . we obtain a recursive formula for the Gram determinant associated to 
each cell module of SS n . This is the first main result of this paper. 

Let A + (n) be the set of all partitions of n. When r $ {q^ 1 , —q}: we will prove 
that 38 n is semisimple if and only if 

n 

Y[ detGi )( fc_ 2 ) detGi^ic-a) ]~J detG ,A^O. 

k=2 XeA+(n) 

Using our recursive formulae on Gram determinants, we compute det G^a explicitly 
for A € U£ =2 {(fc - 2), (l fc ~ 2 )}. Note that UxeA+(n) det G o,a + if and only if is 
semisimple. So, we can give a criterion for S$ n being semsimple when r ^ {<Z -1 , —q}- 
When r £ {q^ 1 , —q}, we can determine whether 3S n is semisimple by elementary 
computation. It gives a complete solution of the problem on the semisimplicity of 
33 n over an arbitrary field. This is the second main result of the paper. 

Note that the group algebra of 6„ is both a subalgebra and a quotient algebra of 
the Brauer algebra B n [A\. Thus, Doran-Wales-Hanlon^ can restrict a module for 
B n to the group algebra of & n . However, Jft^ is not a subalgebra of SS n . We can not 
restrict a ^„-module to M'n. In other words, we can not use the method in [THlfTT] 
to give a criterion for 9B n being semisimple. Finally, we remark that the method 
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we use in the current paper can be used to deal with cyclotomic Nazarov-Wenzl 
algebras pQ. Details will appear elsewhere. 

We organize this paper as follows. In section 2, we recall the Jucys-Murphy 
basis for each cell module of 38 n in [7j . An orthogonal basis of each cell module of 
38 n will be constructed in section 3. In section 4, we prove the recursive formulae 
on Gram determinants. Finally, we give a criterion for 38 n being semisimple in 
section 5. 

2. JUCYS-MURPHY BASIS FOR £§ n 

In this section, unless otherwise stated, we assume R = q ± , oj^ 1 } where 

uj = q — q^ 1 and q,r are indeterminates. The main purpose of this section is 
to construct the Jucys-Murphy basis of 38 n by using Enyang's basis of each cell 
module of 38 n . We state some identities needed later on. We start by recalling the 
definition of Jucys-Murphy elements Li, 1 < i < n for 3§ n in [TJ. 

Define L\ = r and Li = Ti-\Li^\T; L -\ for 2 < i < ry. The following identities 
can be found in [3] and [7j. 

Lemma 2.1 (0I7]). Suppose S = ^j^fe^} . We have: 

a) E? = SEi, \<i<n-l, 

b) E{Tj = TjE it > 1, 

c) T? = 1 + oj(Ti - r^Ei), l<i<n-l, 

d) EiEjEi — Ei for 1 < i < n — 1 and j = i ± 1, 

e) EiEj = TjTiEj = E{TfTi for 1 < i < n — 1 and j = i ± 1, 
/) TiL k =L k Ti ifkg{i,i+l}, 

g) EiL k = L k Ei ifk^{i,i + I}, 

h) LiL k = L k Li for all 1 < i,k < n, 

i) TiLiLi + \ = LiLi + iTi for all 1 < i < n — 1. 
j) L 2 L 3 ■ ■ ■ L n is a central element in 3S n . 

The following result is well-known. One can prove it by checking the defining 
relations for 3§ n in Definition ll.il 

Lemma 2.2. a) There is a quasi R-linear automorphism a : 3§ n — > 3$ n such 
that a{Ti) = T~ x , a(q) = q~ x , a{r) = r — 1 . Therefore, <r(S) = S, cr(Ei) = Ei 
and o~(Lj) = LJ 1 for 1 < i < n — 1 and 1 < j < n. 
&) There is an R-linear anti-involution * : — > swc/i £/ia£ T* = T,;. Thus, 
E* — Ei and L* = Lj for 1 < i < n — 1 and 1< j <n. 

Lemma 2.3. Suppose that k is a positive integer. The following equalities hold, 
a) LiL i+ iEi = Ei = EiLiLi + i, 1 < i < n - 1. 

6) Ti_ x L\ = L\_ x Ti_ x + lu J2 k j=1 ICI(1 - E^L^+K 2<i<n. 

c) Titif = L k i+l Ti - wEf =1 ~ Ei)^, 1 < i < n - 1. 

d) T^Lr* = 2}_i - wE?=i ^1(1 - E i-i) L t k , 2 < 1 < 



1 In [7], Enyang defined Li = 1 and L; = Ti_iL;_iT;_i . 
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e) T t L7 k = LT^Ti + wg =1 L%i(l - E^L^ 1 , 1 < i < n - 1. 

Proof, (a) can be proved by induction on i. Note that Tj_i_Lj = TjLi-t'i— 
Now, (b) follows from Definition II. li e) and Lemma HjJ c ) for fe = 1. In general, by 
induction assumption, 

fc-i 

(2.4) Ti_\L\ = T^L^U = (L^T^+aj^Ll-ld - 

3 = 1 

So, (b) follows if we use (b) for fc = 1 to rewrite Tj_iij in (|2.4p . One can verify (c) 
similarly. Applying a to (b) (resp. (c)) and using Lemma I2.1f c) yields (d) (resp. 
(e)). □ 

Lemma 2.5. For any 1 < i < n — 1, and k £ N, 

fc-i 

E^Ei = r 2 EiLr k Ei + V EiL k ~ j E { - E t L^ 2j ' E t ) 

Proof. By induction on i, we have 

i-i 

(2.6) EiLiEi = r{5 + lj^Lj - Lj l ))Ei. 

3=1 

Applying a to EiLiEi and using (|2.6p yields r 2 E i L^ 1 E i — EiLiEi. This proves the 
result for k = 1. In general, we have E^Ei = rE^L^Ei. Using Lemma|I|a)(c) 
and Definition ll.il to simplify EiTiL\Ei yields the formula as required. □ 

For any i?-algebra A, let Z(A) be the center of A. 

Proposition 2.7. Given a positive integer i < n — 1 and an integer k. We have 
EiLiEi = <4 k) E it where w\ k) e J2[Lf , L% , • • • , n Z(^i-i). 

Proof. By Lemma 12.51 we can assume that /c > without loss of generality. The 
case k = is trivial since Ef = <5-Ei. We prove the result by induction on i and k 
for k > 0. Since we are assuming that Li = r, w 1 fe ' ) = r fe <5. When k = 1, the result 
follows from (|2.6[) . Now, we assume that i > 1 and k > 1. 
Write Lf = T^iL^ir^iLf" 1 . By Lemma E^b) , 

fc-i 

(2.8) E^Ei = Em-iLtiTi-iE, + uj £ E^^L^X - E^L^E, 

3 = 1 

First, we consider X^=i ^W-i-^i-iCl _ Ei-i)L k ~ J -^t- Applying * to 
LemmaHc) yields L^i^-i = Tj-iLf - wE^i^/t 1 - ^i-i)^'- Multiply- 
ing EiEi-i (resp. Ej) on the left (resp. right) of L^_iTj-i and using Defini- 
tion [HHe), Lemma l2.3f a) and Lemma l2.1f d) together with induction assumption 
on Ei^iL^-^Ei-i for j < k, we have 

k 

(2.9) EiE^LUTi-xEi = r^L^E, u> J2( L t? ~ 4-7^-^ 

3 = 1 
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Similarly, we have 



(2.10) EiT^Ei = rLtxEi + ^(L^Wt^ ~ ^I* - *)^ 



for some fx G R[Lf,Lf, • ■ • , Lf_^\. Now, we discuss EiTi-\L\_{Fi-\Ei. We have 

= EiEi^i{Ti — lo{1 — Sj))L* : _ l r j ;_i£'j 

Note that EiEi-xTitf^Ti-iEi = E.E^L^E^E, = u&Ei and 
EiEi-iEiL^Ti-iEi = rL\_ x Ei. By flUJ), together with ([2~TTj) . we have EiLfEj = 
Ej, where 6 J?[Lf • • • ^^.J. We close the proof by showing that 
u>!- G Z(^j_i). Note that any element ft. G 3$i-\ commutes with Ej and L^. We 
have hEiL\Ei — EiL^Eih, which implies Eihu^ 1 — Eiuo^h. If we identify the 
monomials of with Kauffman's tangles, we have hEi = for h G if and 

only if h = 0. Thus ftwf ) = '/i for all /i£«,_i. □ 

In the remainder of this section, we are going to construct the Jucys-Murphy 
basis of 3S n . We start by recalling some combinatorics. 

Recall that a partition of n is a weakly decreasing sequence of non-negative 
integers A = (Ai, A 2 , . . . ) such that |A| := Ai + A 2 + • • • = n. In this case, we 
write A h n. The set A + (n), which consists of all partitions of n, is a poset with 
dominance order < as the partial order on it. Given A, fi G A + (n), A < /i if 
Sj=i ^ £j=i Mj f° r au possible i. Write A < /x if A < and A^/i. 

Suppose that A and fj, are two partitions. We say that /i is obtained from A by 
adding a box if there exists an i such that jii = Aj + 1 and /Xj = Aj for j 7^ i. In 
this situation we will also say that A is obtained from /i by removing a box and we 
write A — ► \x and [i \ A = (i, Ai + 1). We will also say that the pair (i, Xi + 1) is an 
addable node of A and a removable node of fi. Note that \fi\ = |A| + 1. 

The Young diagram Y(X) for a partition A = (Ai, A2, ■ • • ) is a collection of boxes 
arranged in left-justified rows with Ai boxes in the i-th row of Y(X). A A-tableau s 
is obtained by inserting i, 1 < i < n into Y(X) without repetition. The symmetric 
group & n acts on s by permuting its entries. Let t x be the A-tableau obtained from 
the Young diagram Y(X) by adding 1,2, •• • ,n from left to right along each row 
and from top to bottom along each column. If t x w = s, write w — d(s). Note that 
d(s) is uniquely determined by s. 

A A-tableau s is standard if the entries in s are increasing both from left to right 
in each row and from top to the bottom in each column. Let ^ td (X) be the set of 
all standard A-tableaux. 

Given an s G J^ std (A), let sj,j be obtained from s by removing all the entries j 
in s with j > i. Let Si be the partition of i such that sj,j is an s^-tableau. Then 



Applying * on both sides of (|2.9p and using (|2.10|) . we have 



(2.11) 




6 



HEBING RUI AND MEI SI 



T>f in — < w e & r 



s = (so,Si, • • • ,S n ) is a sequence of partitions such that s* — > Sj+i. Conversely, 
if we insert i into the box Si \ Sj_i, then we obtain an s 6 <^ std (A). Thus, there 
is a bijection between £^ td (X) and the set of all (.So, Si, ■ • ■ ,s n ) such that Si — > 
Sj+i, < i < n — 1 and So = 0, and s n — A. 

Recall that & n is generated by Sj, 1 < z < n—1 subject to the relations (1) sf = 1, 
1 < i < n - 1 (2) s,Sj = SjSj if \i —j\>l (3) SjS i+ iSi = s i+ iSiS l+ i, 1 < i < n — 2. 
Assume that < / < |_§ J- Let & n -2f be the subgroup of 6„ generated by Sj, 
2/ + 1 < j < n — Following [7j, let 23/ be the subgroup of & n generated by Si, So, 
where Si — S2iS2i-iS2i+iS2i, 1 < i < / — 1 and So = s%. Enyang (7J proved that 
T>f tn is a complete set of right coset representatives of 23/ x 6„_ 2 / in 6„, where 

(2i + l)w < (2j + l)w, (2i + l)w < (2i + 2)w, -» 
< i < j < f, and (k)w < (k + l)w, 2/ < k < n > 

For Ahn - 2f, let 6 a be the Young subgroup of & n -2f generated by Sj, 2f + 1 < 
j < n — 1 and j ^ 2/+5^^. =1 A*, for all possible i. A standard A-tableau s is obtained 
by using 2f + i, 1 < i < n~ 2f instead of i in the usual standard A-tableau s. Define 
d(s) G & n -2f by declaring that s = t A d(s). By abuse of notation, we denote by 
^ td (X) the set of all standard A-tableaux s. 

It has been proved in |22j that £$ n is a cellular algebra over a commutative ring. 
In what follows, we recall Enyang's cellular basis for 38 n . 

Let A n = { (/, A) | A H n - 2/, < / < LfJ }• Given (k, A), (/, n) G A„, define 
(k,X) < (f, m) if either fc < / or k = f and A < fi. Write (fc,A) < (/,/x), if 
(fe,A)<(/, M ) and (fc,A)^(/, M ). 

For any w; G & n , write = T^T^ ■ ■ -Ti k if ■ ■ ■ Si k is a reduced expression 
of w. It is well-known that T w is independent of a reduced expression of w. Let 
/(/, A) = ^ td {\) x £>/,„ and define 

(2.12) C( ( ;5 (t ,„) = TO (s) 0K A T d(t) T;, (s, u), (t, «) G /(/, A) 

where 9Jl A - £/X A , E* = E 1 E 3 ■ ■ ■ E 2f ^, X\ = E we e, Q 1(w)t w, and f(u>), the 
length of w £ 6 n . 

Theorem 2.13. [7J Lei ^ n 6e i/ie Birman-Wenzl algebra over R. Let * : 8S n — > ^ n 

be the R-linear anti-involution in Lemma \2.2\ Then 

a) = {cg$ ittV) I (s, u), (t, v) G /(/, A), A h n - 2/, < / < LfJ } a /ree 
R-basis of £§ n . 

c) For any h G 

C, (/,A u + ^= V a u »C, (/,A u . mod^ (/ ' A) 

(u,u.)6I(/,A) 

where 3§n^^ is the free R-submodule generated by C^~'^a g) wift {k,fi) > 
(/, A) and (s, u), (t,5) G I(k,fi). Moreover, each coefficient a UjU , is indepen- 
dent of (s, u). 
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Theorem 12.131 shows that % is a cellular basis of 3S n in the sense of [H] . In this 
paper, we will only consider right modules. 

By general theory about cellular algebras in [8], we know that, for each (/, A) G 
A„, there is a cell module A(/, A) of 3§ n , spanned by 

{ VJl x T m T v mod | (t, v) G /(/, A) } . 

We need Enyang's basis for A(/, A) which is indexed by up-down tableaux. 

Given a (/, A) S A„. An n-updown A-tableau, or more simply an updown A- 
tableau, is a sequence t = (to, ti, t2, ■ • ■ , t n ) of partitions such that t„ = A, to = 0, 
and either tj_i — ► U or — ► ti-i for i = 1, . . . , n. Let 5^" d (A) be the set of updown 
A-tableaux of n. 

In what follows, we define Tjj = T^T^+i • • - Tj-\ (resp. T , J _iTi_2 • ■ ~Tj) if j > i 
(resp. if j < i). If i = j, we set Tij = 1. 

Definition 2.14. (cf. [7]) Given t G &£ d {X) with A G A+(n - 2/), < / < [f J, 
define the non- negative integer fj, 1 < j < n and < fj < [j/2\ by declaring that 
tj \~ j — 2fj. Let fj,V> — tj. Define 97t t — 37l t „ inductively by declaring that 

(1) 97l tl = 1, 

(2) Tl u = V"„ .,</"• '/; ; .,ilU : if ti = ti_i Up with p = (fc, M i 4) ), and 

(3) OTt, = E 2f ^ 1 Tr 2 1 f T bk ] 2fz _ i m u _ 1 if t,_i = ii Up with p - (fc,Mk _1) ), and 
6 fc = 2(/ J -l)+E- =1 A*r i) - 

It follows from the definition that 97t t = OJtA&t for some &t G The following 
recursive formula describe explicitly the element 6f Note that 6 t = bt n and t„_i — 

(215) , = f^n&U-i, if t„ = t„_i U{(/c,Afc)} 

U 1^2/Et6 fe _ 1+ i9 6k - J 'Tr 2 1 / _ 1 6 t „_ 1 , ift n _ 1 = t n U{(fc, Mfc )}. 

Suppose A G A + (n — 2/) with s removable nodes pi,P2> " " >Ps and m — s addable 
nodes p s+ i,p s+2 , . . . ,p m - 

• Let p^ G A + (n — 2/ — 1) be obtained from A by removing the box pi for 
1 < i < s. 

• Let //W G A + (n — 2/ + 1) be obtained from A by adding the box pj for 
s + 1 < j < m. 

We identify p^ with (fej,/xW) G A„_i for 1 < i < to. So, >/iW for each i, j 
with 1 < i < s and s + 1 < j < m, and fcj = /ifl<i<s and / — 1 otherwise. We 
arrange (/ci,^ w )'s such that (ki,^) > (k 2 , (Jt^) ■ ■ ■ > (fc m ,^ (m) ). 

Define 

A^M (i) = i?- S p a n{OTt (mod | t G ^ n ud (X), tn-i > 

iv >M <s) = ij_ span {S!Jt t (mod | t G ^„ ud (A), t„_i D> p (l) }. 

In order to simplify the notation, we use 9Jtt instead of 9Jl t (mod ( ^' A - ) ) later on. 
The following result is due to Enyang. 
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Theorem 2.16. [7] Let £% n be the Birman-Wenzl algebra over R. Assume that 

(/,A) €An- 

a) {Tit | t 6 5; nd (A)} is an R-basis of A(/, A). 

6) BathN^ W andN^ are ^n^-submodules of A(/,A). 

c) The R-linear map <f> : /TV^ 1 ' -> A(fc l; ^W) sending 9Jt t 

(mod 7V >M< ' ) to 2Ht„_ 1 (mod •*) is an isomorphism of 38 n -\- 

modules. 

Definition 2.17. Given 5, t G ^„ ud (A), define S0t s ,t = 6*97l A &t where * : SS n -> ^„ 
is the i?-linear anti-involution on ^ n defined in Lemma [ 



Standard arguments prove the following result (cf. [18, Theorem 2.7]). 

Corollary 2.18. Suppose that £8 n is the Birman-Wenzl algebra over R. Then 

a) JZ n = {M,t | s, t G -3C d (\), Ahn-2/,0</< [| J} is a f ree R-basis of 

b) Tt; t = 9Jt is for all s, t G ^ d {\) and all (/, A) G A„. 

>(/.A) _ - 

c) Let 2% n be the free R-submodule of S$ n generated by DJt^i with s, t G 



5; ud (^) and ( ! ^,m) > (/,A). Then 



" >(/ ' A) _ ,»>(/.*) 



d) For a// S, t £ 3~^f d (X), and all h G 3$ n , there exist scalars a u G R which are 
independent of s, such that 

M st h = aJBlmi (mod M n >(f ' x) ). 

U 

We call the Jucys-Murphy basis of SS n . It is a cellular basis of SS n over i?. 
In [8] , Graham and Lehrer proved that there is a symmetric invariant bilinear form 
( , ) : A(/, A) x A(/, A) — > R on each cell module. In our case, we use J6 n to 
define such a bilinear form on A(/, A). More explicitly, (9Jt s , 9Jlt) G i? is determined 
by 

ans s an ti = (M 5 ,M t )a% (mod ,^ (/ < A) ), s,t e ^T rf (A). 

By Corollarv l2 . 18( d) , the above symmetric invariant bilinear form is independent 
of s,t G 5^" d (A). The Gram matrix G/ ; a with respect to the Jucys-Murphy basis 
of A(f, A) is the k x k matrix with 

where = Aj + A^- — i — j + 1 is the hook length. The (s, t)-th entry of G/,a is 
(M s ,M t ). 

One of the main purposes of this paper is to compute the Gram determinant 
det G/,a associated to each cell module A(/, A). 

Given s G we identify s t with (/i,/i (<) ) if = M W H « - Vi- Define the 

partial order < on 3^ d (X) by declaring that S < t if Si < U for all 1 < i < n. Write 
5 < t if 5 < t and s ^ t. We remark that Enyang has used < to state Theorem 12.191 
We define the relation >- on ^ ud (A) instead of his partial order <. 
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Suppose s ^ t. We write s >~ t if there is a positive integer k < n — 1 such that 

k 

Su t> tfe and Sj — tj for k + 1 < j < n. We will use s >- t to denote Sj > tj and Se = U 
for j + 1 < I < n and j > k. 

For any (/, A) e A n , define t A e ^„" d (A) such that 

• t^_! = (1) and t* = for 1 < i < /, 

• t A is obtained from t A by removing the entries j with j > i under the 
assumption 2f + 1 < i < n. 

Then t A is maximal in 5^ ud (A) with respect to >- and >. 
For any t E ^ d (X) with (/, A) 6 A n , define c t (fc) E Rby 

(h\-\ rq2U ~ l) ' if t fc = tfc-i U 

\r-Y^), xft k ^=t k u(i,j). 

If p = (i, j) is an addable (resp. a removable) node of A, define c\(p) = j — i (resp. 

-i + i)- 

The following result plays a key role in the construction of an orthogonal basis 
for SS n . 

Theorem 2.19. [7J Given s, t E ^„" d (A), with (/, A) E A„, 
M si L k = Ci (k)m si + a u Wl su (mod 

k-l 

u y t 

Enyang used ut>t instead of u >- t. However, we could not understand the claim 
about under [7, (7.3)]. If one uses >- instead of >, then everything in the proof 
of [3 7.8] is available. 

3. ORTHOGONAL REPRESENTATIONS FOR S8 n 

In this section, we assume that F is a field which contains non-zero q, r and 
(q — q^ 1 )^ 1 such that o(q 2 ) > n and |c| > 2n — 3 whenever r 2 q 2c = 1 for some 
c El. The main purpose of this section is to construct an orthogonal basis of SS n 
over F . 

k a 

Suppose 1 < k < n and (/, A) E A„. Define an equivalence relation ~ on Sf^ (A) 
by declaring that i ~ 5 if tj = Sj whenever 1 < j < n and j ^ k, for s, t E £^ d (X). 
The following result is well-known. See e.g. [IS] . 

Lemma 3.1. Suppose s E 3^ (A) with &k-i = Sk+i- Then there is a bi- 
jection between the set of all addable and removable nodes of Sk+i and the set 

{te^ d (X)\t^s}. 

Suppose A and p, are partitions. We write AGp = a if either Ad fi and X\fi = a 
or A C p, and fi\X = a. The following lemma can be proved by arguments similar 
to those in |18j . 

Lemma 3.2. Assume that s, t E ^ d (X) with (f, A) E A„. 

a) 5 = t if and only if c a {k) — Ct(fc) for 1 < k < n. 

b) Suppose tfe_i ^ tfe +1 . Then Ct(k) ^ c t (k + 1). 
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c) If tfc_i = tfe+i, then Ct(fc) ^ (^(fc)^ whenever s ~ t and s^t. 

d) ct(fc) ^ {-g,^ 1 } /or t 6 ^ d (A) with i fc _i = t fe +i. 

Definition 3.3. Suppose t G ^„ ud (A) for some (/, A) G A„. Following [13], we 
define 

a) &{k) = { c s {k) | 5 G ^T d (A), (/, A) G A n } , 1 < fc < n, 

6) *t = riLi^U where *t,* = IL-6*<*)^FF. and A = M t F t , t G 

c t (fc)^r 

^ d (A), 

c) f 3t = F s m st F i , 5 ,tG ^(A). 

Standard arguments prove Lemma 13.41 and Lemma 13.51 Mathas has proved 
similar results for a general class of cellular algebras in [13] . Although he has 
used a partial order which is similar to <, his arguments can be used to verify the 
following results. See also [H] for the Hecke algebra J4? n of type A. 

Lemma 3.4. Suppose that t G ^" d (A) wtfi (/, A) G A„. 

a) f t =M i + J £ syt aMs- 

b) m t = f t + j: 3yt b s f s . 

c) ftL k = c t (k)f t , for any k, 1 < k < n. 

d) fiF s = Ssth for all s G ^ d (fi) with 6 A„. 

e) {ft | t G ^T d (A)} lS a basis of A(f, A). 

/) 27ie Gram determinants associated to A(/, A) defined by {ft | t G ^" d (A)} 
and {M t | t G ^n d {X)} are the same. 

Let f t T k = J2se^ d (\) s ts(*0/s and f t E k = J2 s e.^ d (\) E ^(k)fs- 
Lemma 3.5. Suppose t G ^T d (A) and 1 < k < n — 1 . 

k 

a) s ~ t if either St e (k) ^ or Ets(k) ^ 0. 
6) / t S fc = if ik-i ^tfe+i- 

c) J/tfcGtfe-i and tfc+i0tfe are neither in the same row nor in the same column, 
then there is a unique up-down tableau in ^7^ d (X), denoted by tsk, such that 

k 

tsfc ~ t and Ci(fc) = ct Sk (k + 1) and ct(k + 1) = c iSk (fc). 

d) //U- 0tfe_x and tfe+x 0tfc are either in the same row or in the same column, 

a k 

then there is no s G =5^* (A) smc/i t/iai s ~ t and Ct(fc) = c s (fc + 1) and 
Ct(fc + 1) =c s (fc). 

Lemma 3.6. Suppose thatte ^ ud (A) with U-2 ^ U, t s i-i £ ^" d (A) andtsi_i<t. 
PFe /iawe 

a) J/ii_2 C t<_i C ti, thenTltT^ =M lSz _ 1 . 

b) //ti-2 3 ti_i C U such that I > k where t*_ 2 \ti_i = {k,v k ), U\U-i = 
U-2 = v and U — (j,, then TliT~\ = DJl tSi l . 



Proof. The proof of the result is essentially identical to the proof of the correspond- 
ing result in the proof of [TBI 3.14]. One can check it by Definitions 11.11 and 12.141 
We leave the details to the reader. □ 
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Lemma 3.7. Suppose t G ^ d {\) with t j; _i ^ U+i and ts, ; G ^„ ud (A). T/ien 
/tTi = s tt (i)ft + s t , iSi (i)/t Si , w/iere 

• stt^,| - Ci(l+1) _ Ci(i) , 

• st,tsi(*) = 1 — ct(i+i) 8 tt(0 */^ s i > t and St,tsi(*) = 1 */tSj < t and one o/ £/ie 
following conditions holds, 

a) tj_! C tj C ti+i, 

6) tj_i D tj C ti+i swc/i iftai £ > k where tj_i \ tj = ^fe), tj+i \ tj = 
(£, = v and U+i = A 4 - 

Proof. Write / t Ti = V t s is (i)f s . By Lemma 1331 s is (i) ^ implies s e {t, ts^l, 
and ftEi = 0. On the other hand, by Lemma ETlT c). 

TiLi + \ = LiTi + LoLi + \ — ur 1 EiLiTi. 

So, f t TiLi + i = ct(i)ftTi +Luc t (i + I) ft- Comparing the coefficient of ft in f t TiLi + i 
yields the formula on Stt{i) as required. 

We compute St,t Si (i) under the assumptions as follows. By Lemma \'S.6\ VJltTi = 
Tt ts% if t j; _i C U C U+i and ts, < t. By Lemma l3~4l aWb), 

f t T t = (W t + a nU)T t = M ts< + J2 «u/uT 4 . 

UM uM 

If /ts ; appears in the expression of f u Ti with non-zero coefficient, then u ~ ts$. 
Therefore, u G {t, ts^ which contradicts u >- tl> ts^. By Lemma [3T4f a) . the coeffi- 
cient of ft Si in /tTj is 1. 

Under the assumption given in (b), we have ffiltT^ 1 = 9Jlt Si - Thus, 

M t T, = M is jf = M iSi (1 + w(2i - r^Ei)) 

= m Ui + wit - w _1 if S ,fi, 

u ^ts, a "/" f° r some a u G F. Since Isi ~ t, (tsj)j_i ^ 
(tSj)j+i. By Lemma f3.5f b). ft Si Ei = 0. If /t Si appears in the expression of f u Ei 
with non-zero coefficient, then u ~ ts.^, forcing u^_i ^ U%+1- Thus, f u Ei = 0, a 
contradiction. Finally, by Lemma EUJa), the coefficient of f tSi in 9Jl tSi is 1, forcing 
s t)tSj (0 = l. □ 

Note that the bilinear form ( , ) : A(/, A) x A(/, A) — > F is associative. We have 
(/ t Tfc, /tlfc) = (foTjj, ft). The proofs of Corollary [XH and Lemma 1531 are essentially 
identical to [HI 4.3, 3.15]. We leave the details to the reader. 

Corollary 3.8. Suppose i e ^ ud (A) with (/, A) e A„ and t fe _i ^ t*+i- If ts k G 
^ d (A) and ts fc < t, then 

Lemma 3.9. Suppose (/, A) G A„. If t £ ^ d {\) with i fe _x ^ tjt+i, t/ien 

a) /tTfe = qft if tk tfc-i and tfc+i are in the same row, 

b) ftTk = — q ft if tk tfc-i and ik tk+i are in the same column. 
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In the following, we assume that F — C(r ± ,g ± ,o-' 1 ), where r,q are indetermi- 
nates and uj = q — q^ 1 . 

Lemma 3.10. Suppose that t G 3^ d (X) and tk-% = tk+i- Then 

a) E tt (k) = rCi (k)-\l + u-Hd(k) - cUfc)" 1 ) EU C gl7-i(ir + 0. 

6) E u (k)E uu {k) = E iu (k)E us {k) for any s,t,US ^ ud (A) witht~S~U. 

Proof. First, we prove E u (k) ^ 0. By assumption and [5TJ 5.6], A(/, A) is ir- 
reducible since S$ n is semisimple. In [TTJ 6.17], Leduc and Ram proved that the 
seminormal representations S^'^ over C with special parameters for all (/, A) G A n 
consist of the complete set of pair-wise non-isomorphic irreducible modules when 
£% n is semisimple. By the fundamental theorem of algebra, one can get the same 
results over C(q ,± , r^, lu^ 1 ) where r, q are indeterminates and uj = q — q^ 1 . 

Thus, A(/, A) = S ,tl for some (£,fi) G A„. If we denote by <f> the corresponding 
isomorphism between A(/, A) and S e,fJ ", then <j>(ft) G S l4L . In [TT], Leduc and Ram 
constructed a basis for S^, say v s , s G such that v s L k — c a {k)v s . Note 

that ft G A(/, A) is a common eigenvector of 1 < < n. By Lemma l3.2f a). 
(£,fi) = (/, A) and 4>{fi) is equal to u t up to a scalar since the common eigenspace 
on which L k ,l < k < n acts as c s {k) is of one dimension. Leduc and Ram [111 
5.9^ proved that E lt (k) ^ for any t G 5^" d (A), where E is (k) is defined by 
VtE k — J2 k Et s {k)v s . Since u t is a non-zero scalar of (f>(fi), Eu(k) — E u (k) ^ 0. 
We remark that Eu(k) G F since /t is an F-basis element of A(/, A). In general, 
E ts (k) + E is (k) ifs^t. 

In [2], Beliakova and Blanchet proved that the generating function Wk(y) = 
Sa>o w fc a Vy a satisfies the following identity 

W k+1 (y) + r- 1 *" 1 - ^ IT 1 - 



Comparing the coefficients of f 5 on both sides of ftE k W k (y) = /t-Efc E^ yields 

E iu {k)E us (k) 



W k (y,s)y- 1 E ts (k) = ]T 



y - Cu(fc) 



Thus E ts (k) ■ Res y=Cu{k) W k (y,5)y- 1 = E u5 (k)E tu (k). Since E tt (k) ^ 0, E it (k) = 
Re.Sy =Cl ( k -) W k (y, t)y _1 by assuming that t = s = u. By computation, we can verify 

Res = rct(fc) -x (1 + w -i (ct(fc) _ Ct( , r i)) JT C ^- C > { %\ 

y=ct(k) y \ Ct(fc)-c B (fc) 

This completes the proof of (a). If s ~ U, then c s (j) = c u (j) for j < k — 1. 
By Lemmas w£° e F[if , Lf, ■ ■ ■ , £±_J. So, W fc (i/,*) = W fe (y,u). Thus 
E ts (k)E uu (k) = E us {k)E tu (k), proving (b). □ 



2 In [TT], S*' x is denoted by ^ A 

^In [TTJ, r = eq a for some »6Z and e £ {1, — 1}. Therefore, Ett (fc) 7^ if r is an indeterminant. 
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The following result is a special case of [T^l 3.14] which is about the construction 
of the primitive idempotents and central primitive idempotents for a general class 
of cellular algebras. In our case, such idempotents can be computed explicitly via 
a recursive formula on (/ t , f t ), t G 5^" d (A) and (/, A) G A„. This recovers the main 
result in [2]. 

Proposition 3.11. Suppose that 3§ n is the Birman-Wenzl algebra over 



In this section, we compute the Gram determinant for each cell module of 38 n 
over F — C(g ± , r^, where r, q are indeterminates and u> = q — q^ 1 . Our 

result for the Gram determinants holds true for 38 n over R := Z[g ± ,r ± ,w _1 ] since 
the Jucys-Murphy basis for A(/, A) is an i?-basis. By base change, it holds over an 
arbitrary field. 

Given t G &? d (X) with t„_i = fx, define t G ST^-x^) such that k = k, I < i < 
n-1, and t G with t,- = for 1 < j < n - 1 and t„ = t„ = A. 

Let [n] = l + q 2 + --- + q 2n - 2 and [n]\ = [n][n-l] • • • [2][1]. If A = (A 1; A 2 , • • • ,X k ), 
define [A]! = IIi=iM" Standard arguments prove the following result (^cf . [18L 4.2]). 
We leave the details to the reader. 

Proposition 4.1. Suppose t G £?„ d (\) with (/, A) G A n . If i n -i = M with (I, fi) G 
A„_ x , then (f u f i ) = (f i J i )(£M, 

For any A h n — 2f, let &/(X) (resp. 3?(X)) be the set of all addable (resp. 
removable) nodes of A. Given a p = (k, A&) G 3$(X) (resp. p = (k, Afe + 1) G (A), 
define 

a) 32(\)<p = {(£, X e ) G ^(A) 1 1 > k}, 

b) ^{\)<p = A< + 1) G \£>k}, 

c) 3${X)^ = {(£,X e )€M(X)\e<k}, 

d) stf(\)^P = {(£, \ e + 1) e £?(X) \ l<k}. 

Proposition 4.2. Suppose t G ^" d (A) with (/, A) G A„. If i = and t„ = 
t„_i U {p} with p = (fc, Afe), then 




4. Gram determinants for 38, 



n 



(4.3) 



(A, A) 



lI ri erf(A)<4^(p) +c A (ri)] 
]lr 2 e^(A)<p[ c A(p) -CA(r 2 )] ' 
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Proof. By assumption, t = t x s a , n where a = 2/ + Ylj=x Ar Note that t < ts„_i < 
■ • • < ts„ j( j. By Proposition 14. II and Corollarv l3.8[ 

(4.4) (/ t! /i> = (^,/ t x> ft f 1 -" 2 , t^tW V 

Since / t A = Tl t x, (/ t A, /ja) = 6* [A]!. Using the definitions of c t \(j) for a < j < n 
to simplify J33D yields |g^. □ 

Proposition 4.5. Suppose t G ^ urf (A) iw'tt A = (Ai, . . . , A fe ) h n - 2/. IfW =i 
and t n -i = t„ U p im'tt p = (k, fik), i/ien 

(4-6) ]|^ = K]i?u(n-l). 

Proof. Write M A = 9tt t A with t A G &?* 2 (\). Let a = 2(/ - 1) + J]^ 1 ^ + 1. By 
Definition 12.141 and Lemma l2lT d)-(e). 

71-1 

/ t £7 n _i ^/.iT-^T-, 1 !^^!^ £ q^^Tn-ijFtE^ mod J?> (/ ' A) 

n-l 

=E 2 f-\E 2 j ■ ■ ■ E n -\%R\ £ 1_J 7 1 ri-l jPt,n-Ft,ri-l 
n-2 

fe=i 

By Lemma l2~TT b) . E n -iWl\ = Wl\E n ^x- Via Proposition 12. 7| we write 

(4.7) E n -iFi tn -iFi tn E n -i = &(Lf, • • • , L n _ 2 )E n -x 

for some $(Lf, • ■ • , £^_ 2 ) G F[Lf,Lf, ■■■ , L^_ 2 ] n ^ n -2- On the other hand, by 
(|2.10p , for any positive integer k, we have 

k 

E n -iT n - 2 L k n -iE n -i = rL^_ 2 E n -i + lo ^2{L J n _\uj^_ 1 J+1) - L 2 J_ 2 k 2 )E n - X . 

Acting a to E n -\T n -%L\_ x E n -\ yields the formula for E n ^iT~\L~\E n ^x- 
Using Lemma l2~l7 c) for i = n — 2 to rewrite E n _iT~^ 2 L~ h i 1 E n ^i yields the formula 
for E^xT^L-^E^x. If k = 0, then E^T^L^E^ = rE n - X - So, there 
is a • • • , £*_ 2 ) e F[Lf,Lf, ■■■ , L±_ 2 ] n ^„_ 2 such that 

(4.8) E n -xT n -2Fi tn Fi tn -xE n -x = ^(Lf, ■ ■ ■ , L^_ 2 )E n -x- 

By Definition |2~Til E 2f -iE 2 f ■ ■ ■ E„-x%Rx = W u where u t with u„_i = A U 
{(A; + 1, 1)} if fik > 1 and U„_i = t„_i = /x if /Lt/t = 1. In the latter case, u = t. 

Let (resp. "Pa) be obtained from $ (resp. \&) by using c^(fe) instead of 
in $ (resp.*). Note that Tt^Tj = g9Jt A for a < j < n - 3. By Theorem |2~T§1 and 
the definition of u, 

n-2 

/tF n _! = ($ A + q[n k - l]* A )Mu + £ 6 B M„ J] F t , fc . 

n-2 k=l 
D J- U 
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We use Lemma [3~4T b) to express 97t„ as an _F-linear combination of / s 's. So, s >z 0. 
Note that Lf act on f s as scalars for all 1 < i < n. So is Hfe=i ^t,fc- Since we are 

n— 2 ,i—2 

assuming that >- u, / u can not appear in the expression of 9Jt llfe=i Fi,k- By 
Lemma inT b'1. the coefficient of / u in Wl u is 1. So, E tu (n - 1) = $ A + q[/ife - 1]* A . 
We assume t ^ u. Then 

E tu (n - l)/t£„-i = ($ A + q[n k - l]* A )/ t £„_ 1 

S n _i by (02I)-gD 
= ]T £ t0 (n - 1)/ (1 + q[fik - l]T n _ 2 )F ijn _ 1J P t)n i; n _ 1 

8* > '~ t 

=£ tt (n - l)/ t £„-i + q 2 [ f i k - l]E tt (n - l)/ t £„_i 

In the last equality, we use foFt,nFt,n-i = (resp. f Tn-2Ft tn Ft, n -i = ) for 
t and ^ t which follows from Lemma I3.4f c0 (resp. Lemma I3.4l d) and 
Lemma [3~BT a)). We also use Lemma EHU a) to get f{T n - 2 = qft- So, E tu (n — 1) = 
[/ifc]-Ett(™ — 1)- We remark that the above equality holds true when u = t. One 
can verify it similarly. In this case, /i/j = 1. Similar computation shows that 
$ A = E tt (n - 1) and * A = qE tt (n - 1). 
By similar arguments as above, we have 

/t A u/ut A 

^Ezf^T^fT-^^MxF^F^M^ mod 
=F t ,E 2f _ 1 ■ ■ ■ E n .MxE n -xF u , n - X F^ n E n ^m\E n -2 • • ■ E 2f ^F t , mod 
=E uu (n - l)S f - 1 [X]\F^E 2f _ 1 ■ ■ ■ E n _ x m x E n ^ ■ ■ ■ E 2f _ 1 F t x mod 
=E uu (n - l)^- 1 [A]!^AM A T 2/! „T 2/ _ lin _ 1 £; n _ 2 • • ■ E^F^ 
=E uu (n-l)Sf- 1 [X]\F i ,Tl x F l , 
=E uu (n - l)S f - 1 [X]\f l x l x mod 

So, (/u,/u) = E uu (n - 1)<5 /_1 [A]!. Since ( , } is associative, (/ u £ n _i,/ t ) 
/,. /A-i>. Thus (/ u , / u )£ tu (n - 1) = (A, /t)£ u t(n - 1). By Lemma MMb), 

(ft, ft) 1 [Mfe] 2 -Btt(n - 1) . -ncf-im, r i p / n 



where E it (n — 1) can be computed explicitly by Lemma 13.10( a). □ 

Proposition 4.9. Suppose t G ^ d (A) ttratfi (/, A) G A„, and Z(A) = i. Ift = t", 
and tn_i = t« Up urat/i p = (k,/ik) k < I, define u = ts n ^ a +i wii/i a = 2(/ — 1) + 
2j=i Mj awrf = (ui , ■ • ■ , u a+ i ) . Then 

UW] {Ml [^}E 00 (a) a,^ (At )< P (^g- 2(c - (p) ' c - (ri)) -l) 

1 ' ' Sf- 1 ^. r 2 q 2 &k-M) - 1 Ur 2 ^( P) < P ( r2< l~ 2{cAp)+cAr2)) - 1) ' 
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Proof. By definition, u = ts n , a +i- Using the argument in the proof of Proposi- 
tion [221 we have 



</ t ,/ t )=(/u,/u) n i 1 -^ 



c u (i)c u (a + 1) 
+ (c u (i)-c u (a + f)) 2 

(/u,/u) T\r 1 ^ M <?(r 2 <l- 2Mp) ~ C ^ )) 1) 

r 2 q 2(» h -2k) _ i U r2emti)<p {r2q- 2 Mp)+c»(r 2 )) _ x) • 

By Proposition HU </ U) / u > = (f v J )U.Uk+lM whcrc e with = 

(ui, U2, ■ • ■ , u a+ i) and u a+ i = v. Finally, we use Proposition ^. 5l and [/Zfc]! = [Afc]![/Xfc] 
to get (/„,/») = £ , o D (a)[Mfc] 2 ^ /_1 njLiM ! - Simplifying (/ t ,/ t ) via previous for- 
mulae yields (|4. 1 0(1 . as required. □ 

Definition 4.11. Suppose (/, A) E A„ and (£,n) G A n _i. Write (£,fi) — > (/, A) if 
either £ = f and /x = A \ {p} ov £ = f — 1 and /i = A U If (i, /x) — > (/, A) we 
define 7a/ m 6F to be the scalar by declaring that 

(4 - 12) = W 

where t £ ^ ud (A) with t = fe «^i(m)< 

The following is the first main result of this paper. 

Theorem 4.13. Let 5% n be the Birman-Wenzl algebra over Z[r^,q , k> -1 ], where 
r,q are indeterminates andui = q — q^ 1 . The Gram determinant det G t ; \ associated 
to the cell module A(/, A) of £§ n can be computed by the following formula 

(4.14) detG /)A = J] detG^-jf™^ €Z[r ± ,q ± ,u- 1 }. 

Furthermore, each scalar 7a/ m can be computed explicitly by |^.,?| ), f^.fi| ), j-j-lCty and 
Lemma UTTW a). 

Proof. We first compute the Gram determinants over C(g ± , r , uj" 1 ). In order to 
use the results in section 4, we have to use the fundamental theorem of algebra (see 

nil). 

Since Gf t \, defined via orthogonal basis of A(/, A), is a diagonal matrix and each 
diagonal is of form (/ t , / t ), t S =^ ud (A), we have detG/ iA = Hte^(\){fu ft)- % 
Proposition 14. 1[ 



detG /iA = Yl det( ^ 



dim A(/,/j,) 



However, by Lemma I5~4l f) detG/^ = detG/,A and detG^ = detG| iM . Since 
the Jucys-Murphy basis of A(/, A) is defined over Z[r ± , q^ , uj^ 1 ], detG/^ £ 
Z[r ± ,q ± ,co- 1 ]. □ 



Recall that A' is the dual partition of the partition A. The following result gives 
the relation between the integral factors of det G/,a and det G/,v ■ 
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Corollary 4.15. Let 2% n be the Birman-Wenzl algebra over Z[r ± , g ± , ui^ 1 }, where 
lo = q — q^ 1 . Suppose (/, A) G A n and e G { — 1, 1}- Then r — eq a is a factor of 
det Gf t \ if and only if r + eq~ a is a factor of det G/,a' ■ 

Proof. Note that p — (i,j) is an addable (resp. removable) node of A if and only 
if P' = Cm) i s an addable (resp. removable) node of A'. Detailed analysis for 
the numerators and denominators of 7a/ m by elementary computation yields the 
result. □ 

If we consider q as a scalar, then Yl(t aO— K/ A ) ^A™ A ^ can be considered as 
a rational function in r. Write Y[(i a) Ta™ = such that the g.c.d 

of /(r) and g{r) is 1. The following result is useful when we determine the zero 
divisors of Gram determinants. 

Corollary 4.16. Let f(r) and g(r) be defined as above. Suppose e G { — 1,1}. If 

r — eq a | f(r) and r — eq a \ g(r) with a eZ, then r — eq a is a factor of det G f t \. In 
other words, detG/.A = if r — eq a . 

Proof. The result follows from the fact that detG/^ G q^, w -1 ]. □ 

5. SEMISIMPLICITY CRITERIA FOR 38 n OVER A FIELD 

In this section, we consider over an arbitrary field F. We will give a 

necessary and sufficient condition for & n ,F being (split) semisimple. We will denote 
3$n,F by 3$ n if there is no confusion. 

We remark that we may not have the orthogonal representations over F. How- 
ever, we still have the recursive formula in (|4.14[) since the Gram matrix associated 
to each cell module is a matrix over R. In what follows, we will use this fact 
frequently 

Proposition 5.1. Let£§ n ,n > 2 be the Birman-Wenzl algebra over TL\r^ , q^ , . 
Then 

(5.2) detGl ^- 2 > -z^- 1 * 3 ^ (^y)^" 1 '^-^) 1 ^ 

X (r + (? 3 ) I(™-l)(r l -2) (r 2 _ g 6-2n)n-l (r _ q 3-2ny 

Proof. Let 

• (Sfe,2)i = (*) for i < k — 1 and (Sk,2)i = {i — 2) for k < i < n. 

• Suppose 3 < j < k. Define (Sk,j)i = (i) for i < j — 2 and (Skj)i — (i — 1, 1), 
for j — 1 < i < k — 1, and (Sk,j)i = (i — 2), k < i < n. 

Then ^ d {\) = {s k ,j | 2 < j < k < n}. We use Proposition O and ([O]) . gl]), 
(|4.10|) to compute (/ Sfc j . , f SkJ ). We have 

• (/^, a ,/* a , a )=%-2]! 1 

• (JW* M > = f^S^V^ 6 - l)[k - 1] for 3 < k < n, 



(/-M'/*w> = ? ( r + ? 3 )Pi^^r for 3 < j < k < n. 
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Thus 

(5.3) II./, ,../; , = ( ) [n - if-^-r U^ 2k - 6 - 1). 



. r(q 2 — 1) 7 r — q 



and 



II (fs^f*^ = (~ [ ^(r- q )(r + <?) 



/g ^\ 3<j<k<n 



(n-2)(n-l) 



n 1 

n r 2 _ „! 



[n — 1]! r 2 - q*-2k ■ 

Note that det Gi,a = H2<j<k<n(fsk,j > fs k ,j)- Now, ([53]) follows from elementary 
computation via equalities given above. □ 

Let F be a field containing non-zero q, r and (q — q -1 ) -1 . The following results 
can be verified directly. 

Lemma 5.5. Suppose o(q 2 ) > n and (/, A) E A„. For any pi G s?(X) and pi G 
*(A), [c A (pi) + c A (p2)] 7^0. 

Proposition 5.6. Suppose that n>2. Let 2S n be the Birman-Wenzl algebra over 
a field F. Suppose o(q 2 ) > n and r g" {q _1 , — q}. Then SB n is semisimple if and 
only if 0^=2 det G i,(fe-2) det Gi : (if=-2) ^ 0. 



Proof. We use Lemma 15.51 to check that any factor q a — q in the numerators of 
Q4.3J) . (|4.6p . ()4.10p is not equal to zero if o(q 2 ) > n. We will only consider the 
factors in det Gf t \ with forms r ± q a , a G Z. When we want to prove det G/.a = 
for r = eq a , eG {1,-1}, we will consider q to be the indeterminate q first. In other 
words, we have o(q) = oo. In order to get the result for n < o(q 2 ) < oo, q G F, 
we will specialize the indeterminate q to q € F. In the remainder of the proof, we 
consider q to be the indeterminate q. Also, we use r instead of r. 

(=*•) Suppose detGi j (fc^2) = for some 2 < k < n. We claim that there is a 
(/, A) G A„ such that detG/^ = 0. It gives rise to a contradiction since the Gram 
determinant associated to any cell module is not equal to zero if a cellular algebra 
is semisimple. 

If det = 0, then we use Corollarv l4. 151 and the above claim twice to find 

a partition A such that detG/^ = 0. This will give rise to a contradiction, too. 
Consequently, Il2<fc<n de t G i,(fc-2) detG x .(i*-*) 7^ if is semisimple. 

Now, we prove our claim. Since 3§ n is semisimple, detG 1 ( n _ 2 ) 7^ 0. It is easy 
to verify detGij 7^ if r ^ —q}- Therefore, we can assume 2 < k < n. By 

Proposition 15.11 r G {(j 3 ~ 2fc , ±q 3 ~ k , — q 3 , q}, 3 < k < n. The case k — 3 has been 
dealt with in 7 which says r G {g~ 3 , ±1, — q 3 }. One can use the program [TH] 
(written in GAP language) to verify it directly. 



^F. Luebeck wrote the GAP program for Brauer algebras when he visited our department in 
2006. Imitating his program, we wrote the GAP program for Birman-Wenzl algebras. We take 
this opportunity to express our gratitude to him. 
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Case 1. n — fc is even: 

Let / = 2=4 + l and A = (fc - 2). Then (/, A) E A„. If (/ - -» (/, A), then 
A 1 £ M2} and Hi = (k — 1), n% = (k — 2, 1). By Proposition 14. 5( we have 
q 2k - 2 [k - 2](r - q)(r + q 3 )(r 2 - g 6-2fc)2( r _ g 3-2fe) 



(5-7) r x/ ^r x/ ^ 



r 2 (q 2 - l) 2 [k - \]{r 2 - q»- 2k )(r - q 5 ~ 2 ^ 



When k > 3, (r — q)(r + q 3 )(r 2 - q 6 ~ 2k )(r - q 3 - 2k ) and (r 2 - q s ~ 2k )(r - q b - 2k ) 
are co-primqj in g^, (g — g -1 ) -1 ]. If k = 3, then (r + g 3 )(r 2 — l)(r — 

g -3 ) and (r + q)(r — g -1 ) are co-prime in Z[r^, g 1 * 1 , (g — g -1 ) -1 ]. Conse- 
quently, by (|4.14[) . detG(y!_i ]/Jl )detG(y_i iM2 ) detG^ i (fc_ 3 ) has to be divided by 
(r 2 - <7 8-2fe)dimA(/-i, Al2 ) ( - r _ g 5-2fe)dimA(/-i, All )_ Therefore, detG/, A = if 

detGi !(fc _ 2 ) = 0. 
Case 2. n — k is odd: 

There are three subcases we have to discuss. 

Subcase 2a. r = q for some fc > 3 or r = — q 3 for some integer fc with k > 2: 

Let / = 2=!+i and A = (fc - 1). By flS7|) and Corollary EES detG/, A = 0. We 
remark that we can use (|5.7p since 7a/^ depends only on A and /i. 

Subcase 2b. r = q 3 ~ 2k , for some integer k with 2 < k < n: 

Let / = 2=1+1 and A = (fc - 2, 1). Suppose fc > 3. If (/ - 1, fjt) -> (/, A), then 
(J, e {mi,M2,M3} where /ii = (fc — 1, 1), /i2 = (fc — 2, 2) and /i 3 = (fc — 2, 1, 1). By 
Propositions g31 0TH 

_ g 3 (r 2 g 2fc-4 _ l)( r 2 g 2fc-8 _ 1)(r _ g 3-2fc) 
TtyMi ^ r(q 2 - l)(r - g 5-2fe)( r 2 g 2fc-6 _ !) ' 

_ [fc - 3]g 2 (rg - l)(r 2 - g 4 - 2fc )(r 2 - g 4 ) 
7A/M2 ~ r[fc-2](g 2 -l)(r 2 -g 6 ~ 2fe )(r-g) ' 

_ q[k -l}(r + g 5 )(r 2 - g 8- 2fc )( r 2 - g 4 ) 
7A/M3 ~ r[fc][2](g 2 - l)(r 2 - gl0-2fc)( r + g 3) • 

If fc = 3, then A = (1, 1). In this case, define [i\ — (2, 1) and /U2 = (1, 1, 1)- By 
Propositions 14.51 14.91 

_ q 2 (r 2 - q 2 )(rq + 1) _ 3 _ g(r + q 5 )(r 2 - q 2 ) 

^Vw ~ r(r 2 - l)(g 2 - 1) (? " ~ 9 } ' 7a/m2 ~ r[3](g 2 - l)(r + q 3 ) ' 



Subcase 2c. r = ±g 3 fc , for some integer fc with 2 < k < n: 

If fc = 3, define / = § and A = 0. If (/ - -> (/,A), then ^ = (1). If 
(/ — 2, j/) — > (/ — then f 6 {^1,^2} where z/i = (2) and z/ 2 = (1,1)- By 

Propositions 14.51 14.91 

_ q 3 (r - q-' 3 ){r 2 - 1) _ g(r + g 3 )(r 2 - 1) 

7a/m — d J 7n/i/i — T\7Z I-n ' "W^ 



r(g 2 _i)( r -g-i) ' WI/2 [2]r(g 2 - l)(r + g) ' 

^since o(g) = oo 
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Note that r g {<r\ -q}. If k = 4, then r = -q- 1 . Let A = (1,1,1). If (/ - 
1,/i) -> (/, A), then /i e {/xi,/^} where ^1 = (2,1,1) and ^ 2 = (1,1,1,1). By 
Propositions H21 |4~9j 



g 3 (r - g" 3 )(r 2 - g 4 )(r + g" 1 ) g(r + q 7 )(r 2 - q 4 ) 



r(q 2 - l)(r 2 - q 2 ) ' r[4](g 2 - l)(r + q 

Suppose k > 4. Let / = 2=|±i and A = (k - 3, 1, 1). If (/ - 1, m) -» (/, A), then 
/i 6 {//i,M2, A*3j where (ii = (k - 2, 1, 1), (j, 2 = (k - 3, 2, 1) and /i 3 = (fc - 3, 1, 1, 1). 
By Propositions US [431 

q2k—5^ r _ g5— 2fcw^,2 _ ^6— 2fcw^,2 _ ^12 — 2fe ^ 
7A/M1 = r( g 2 - l)(r 2 - g io-2fe)( r _ g 7-2fc) ' 

_ [fc - 4]g 3 (r - g- 1 )^ 2 - q ^ k )( r 2 - q 6 ){r + q) 
Ta/w ~ r [fc-3](g 2 -l)(r 2 -g 8 - 2fe )(r 2 - g 4 ) 

_ g [fc - l](r + g 7 )(r 2 - q 12 - 2k ){r 2 - q 6 ) 
7A/M3 - r [3][jfc]( g 2 _ !)( r 2 _ g 14-2fc)( r + g 5) ■ 

In each case, by Corollary 14.161 det Gf.\ is divided by either (r — q 3 ~ 2k )(r ± 
q 3 ~ k )(r + q 3 )(r - q) for k > 3 or (r - q~ 3 )(r ± l)(r + g 3 ) for fc = 3. Thus, 
det G f : \ = 0. This completes the proof of the claim. 

(<=) Suppose that SS n is not semisimple. Then detG/,A = for some (/, A) G 
A n . By (|4.14p . either detG^ M = or the numerator of 7a/^ is equal to zero 
for some {I, jS) — > (/, A). In the first case, by induction on n with n > 3, 
lTfe=2 det ^i,(fc-2) det Gi t (ik-2\ — 0, a contradiction. In the latter case, if I = f, 
then 7 A / M ^ since we are assuming that o(q 2 ) > n and the numerator of 7 A / M is 
a product of [fc] for fc < n — 1 . By Propositions 14.51 14.91 we need only consider the 

numerators of 7a At with £ = f — 1. We claim that 

a) r 2 g c A ( P )+c A ( 9 ) _^ j for all p^q £ 

b) r 2 g c M (g)- C(1 (p) _^ j for all q e and p e 6%^y 

At first, we prove a). We assume that p (resp. q) is in the fc-th (resp. £-th ) 
row. Since two boxes have the same contents if they are in the same diagonal, we 
can move both p and q to either the first row or the first column of a partition. 
Therefore, there is a partition £ s {(fc — 2),(l k ~ 2 )} for some 2 < fc < n such 
that pi,<7i S ^(£) with ca(p) + c\{q) = c^{p\) + c^(qi). By our assumption and 
Proposition 15.21 and Corollary 14.151 c\{p) + c\(q) is a factor of detGi,^. Since we 
are assuming that rifc=2 det Gi^-2) det G 1 ( 1 t-2) ^ 0, we have det Gi^ ^ 0, forcing 
c x {p) + c x (q)^0. 

b) can be proved by similar arguments as above. We leave the details to the 
reader. By Propositions and EO| and our claim b), 7x/^ = implies either 
Eu(n — 1) = or E 00 (a) = 0, where t, and a are defined in (|4.12|) and Proposi- 
tion [213 respectively. 

Using our claims a)-b), we have that rq 2cx ^ Pl ^ — q^ 1 = or rq 2cA ' Pl - ) + q = if 
Ea(n — l)E 00 (a) = 0. In this case, \i is obtained from A by adding the addable 
node pi . 
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If c\{pi) = 0. then r 6 {q 1 ,— q}, a contradiction. So, we can assume 
that c\{p\) ^ 0. First, we deal with the case when c\(pi) > 0. Note that 
r E {g-( 1 + 2 ^(Pi)) ) - g i-2cx(pi)}. In ^ nrst casej by ([521), detGi,, = where 
r/ = (c\(pi)). Note that ca(j?i) < n — 2, by assumption, detGi i?) ^ 0, a contra- 
diction. Assume that r = — g 1_2c A(pi). By Proposition 15. 2[ detGi.,, = where 
7/ = (2c\{pi)). Since we are assuming that n^ =2 det Gi ( m _ 2 ) det Gi (i m -2) ^ 0, 
we have n - 2 < 2c A (pi) = 2(A fe + 1 - k) < 2A fc , forcing k = 1. By (fS~7|) . the 
numerators of 7a/ a11 7a/^ 2 mus t be divided by r + g 1 ~ 2cA (P 1 ), where /-ii,/i2 is the 
same as those in (|5.7|) and the fc in (|5.7[) should be replaced by Ai + 2 which is equal 
to n - 2/ + 2. Thus, r + ^-^to) e 5- where 

S = {r - q, r + q 3 , r ± g 1_Al , r - 9 ~ (1+2Al) }. 

On the other hand, we have Ai + 2 < n since we are assuming that / > 1. By (|5.2|) . 
Ilm=2 °-et („j_ 2 ) det G lj ( lm -2- ) is divided by each element in S. This implies that 
r + (7 1_2ca (p!) ^ 0, a contradiction. 

If c A (pi) < 0, we use Corollary l4~15l to consider r S {-g 1 + 2c x0'i) j g 2c x (pi)-i j._ 
In this situation, we still get a contradiction by the result for c\{pi) > stated 
above. □ 

Proposition 5.8. Let S$ n be the Birman-Wenzl algebra over a field F containing 
the parameters ,r and (q — q -1 ) -1 . Assume r E {q~\ — q}- 

a) ^ n is noi semisimple if n is either even or odd with n>7. 

b) £§1 is always semisimple. 

c) £§3 is semisimple if and only if o(q 2 ) > 3 and q 4 + 1 ^ 0. 

d) £§5 is semisimple if and only if o(q 2 ) > 5 and q 6 + 1 ^ 0, and q 8 + 1 ^ 0, 
and charF ^ 2. 

Proof. We use r, q instead of r, q in the proof of this result. Since r € {q -1 , — q}, S = 
0. Suppose that n is even. Let a = dimp A(n/2 — 1, (1)). By (|4.14|) . det G n / 2j2 > = 
det G n /2-i,(i)S a — 0. We have detGi : ( 3j2 ) = when r E {q^ 1 , —q}- One can use 
[Hj to verify the above formulae easily. This shows that 3§7 is not semisimple. We 
also use [TH] to get the following formulae: 
. detG li(1) = (g 4 + l) if re {q-\-q}. 

• detG li(3 ) = 2 5 [2] 10 [3] 14 (1 + q s ) (rcsp. -[2] 10 [3] n <r 2 (l + g 4 ) 6 ) if r = -q 
(resp. if r = q^ 1 ). 

• det G 1 (in)= <T 2 [3](1 + q A ) 6 ( resp. 2 5 [3] 4 (1 + q s )) if r = -q (resp. r = 

. det Gi, (2 ,d = -g 2 [2] 4 [3] 15 (l + <? 6 ) 4 if r E {q- 1 , -q}. 

• det G 2 , ( i) = -32<y 2 (l + q 2 ){\ + g 4 ) 10 (l + q 6 ) if r G {q~\ -q}. 

Now, (b)-(d) follow from the results on the semisimplicity of Hecke algebras Jf? n 
for n E {1, 3, 5} together with the above formulae. 

We close the proof by showing that det (3 2 ) ~ f° r au °dd n with n > 7. 

This can be verified by comparing the recursive formulae on det G n-5 ^ 3 2 ^ with 
detGi^^). We leave the details to the reader. □ 
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Theorem 5.9. Let be the Birman-Wenzl algebra over a field F which contains 
non-zero parameters r, q, to, where to = q — q^ 1 . 

a) Suppose r £ {q^ 1 , —q}- 

(al) If n > 3, then 3% n is semisimple if and only if o(q 2 ) > n and r $ 

U , A L 3 {<7 3 ~ 2fc , ±q 3 - fc , -q 2k - 3 , ±q k - 3 }. 
(a2) S$2 is semisimple if and only if o(q 2 ) > 2. 
(a3) SS\ is always semisimple. 

b) Assume r 6 {q^ 1 , —q}- 

(bl) 3§ n is not semisimple if n is either even or odd with n > 7. 
(b2) 3S\ is always semisimple. 

(b3) ^3 is semisimple if and only if o(q 2 ) > 3 and q A + 1 ^ 0. 
(b4) ^5 is semisimple if and only if o(q 2 ) > 5, q e + 1 ^ 0. and q 8 + 1 ^ 
and char F ^ 2 . 

Proof. Suppose n ^ 2. Theorem 15.91 follows from Propositions 15.61 (|5.2p and 
Corollary 14. 151 (resp. Proposition 15. 8p under the assumption r ^ {q -1 ,— 5} (resp. 
r £ {g -1 , —9})- When n = 2, we compute det directly to verify the result. □ 



Let S = ( ? + Tiu r ~iv 
r(g+l)(g-l) 



Then 



limit g _i(5 G {1, 2, • • • ,n - 2} U {-2, -4, • • ■ , 4 - 2n} U {-1, -2, ■ • • , 4 - n} 



ifreU£ =3 {(Z 



3-2fc 



,±9 



3-fe 



,2fc-3 



, zbg } and n > 3. They are the parameters we 



got in [17j such that the corresponding Brauer algebra is not semisimple. Finally, 
we remark that some partial results on Brauer algebras being semisimple over C 
can be found in [§1 [5U] . 



[l 

P: 
[3: 
[4 

[5: 
[e: 

i? 

[s; 

[9 
[10 

[11 

[12; 
[13; 



References 

S. Ariki, A. Mathas and H. Rui, "Cyclotomic Nazarov-Wenzl algebras", Nagoya 
Math. J., Special volume in honor of Lusztig's 60-th birthday, 182, (2006), 47-137. 
A. Beliakova, and C. Blanchet, "Skein construction of idempotents in Birman- 
Murakami-Wenzl algebras", Math. Ann. 321 (2001) 347-373. 

J. S. BlRMAN and H. Wenzl, "Braids, link polynomials and a new algebra", Trans. 
Amer. Math. Soc. 313 (1989), 249-273. 

R. Brauer, "On algebras which are connected with the semisimple continuous groups" , 
Ann. of Math. 38 (1937), 857-872. 

W. P. Brown, "The semisimplicity of a;™", Ann. of Math. (2) 63 (1956), 324-335. 
W. F. Doran, IV, D. B. Wales and P. J. Hanlon, "On the semisimplicity of the 
Brauer centralizer algebras", J. Algebra 211 (1999), 647—685. 

J. Enyang, "Specht modules and semisimplicity criteria for Brauer and Birman- 
Murakami- Wenzl algebras", J. Alg. Comb., 26, (2007), 291-341. 

J. J. Graham and G. I. Lehrer, "Cellular algebras", Invent. Math. 123 (1996), 1-34. 
G. D. James and A. Mathas , "The Jantzen sum formula for cyclotomic g-Schur 
algebras,", Trans. Amer. Math. Soc. 352 (2000), 5381-5404. 

L. H. Kauffman, "An invariant of regular isotopy,", Trans. Amer. Math. Soc. 318 
(1990), 417-471. 

R. LeduC and A. Ram, "A ribbon Hopf algebra approach to the irreducible represen- 
tations of centralizer algebras: the Brauer, Birman-Wenzl, and type A Iwahori-Hecke 
algebras", Adv. Math. 125, 1-94, (1997). 

A. MATHAS, Hecke algebras and Schur algebras of the symmetric group, Univ. Lecture 
Notes, 15, Amer. Math. Soc, 1999. 

, "Matrix units and generic degrees for the Ariki-Koike algebras", J. Algebra 

281 (2004), 695-730. 



GRAM DETERMINANTS AND SEMISIMPLICITY CRITERIA FOR BIRMAN-WENZL ALGEBRAS 

[14] , "Seminormal forms and Gram determinants for cellular algebras" , J. Heine 

Angew. Math., to appear. 
[15] H. R. MORTON and A. J. WASSERMANN, "A basis for the Birman-Murakami-Wenzl 

algebra ", unpublished paper, 2000. 
[16] H. Rui, "A criterion on semisimple Brauer algebra", J. Comb. Theory, Ser. A 111 

(2005), 78-88. 

[17] H. Rui and M. Si, "A criterion on semisimple Brauer algebra, II", J. Comb. Theory, 

Ser. A 113 (2006). 1199-1203. 
[18] , "Discriminants for Brauer algebras ", Math. Z., in press. 

[19] , GAP program on discriminants for Birman-Wenzl algebras, available at 

http: / /math.ecnu.edu.cn~hbrui/bmw.g 
[20] H. Wenzl, "On the structure of Brauer's centralizer algebras", Ann. of Math. 128 

(1988), 173-193. 

[21] , "Quantum groups and subfactors of type B,C, and D" , Comm. Math. Phys. 

133 (1988), 383-432. 

[22] C.C. Xl , "On the quasi-heredity of Birman-Wenzl algebras, ", Adv. Math. 154(2) 
(2000), 280-298. 

H.R. Department of Mathematics, East China Normal University, Shanghai, 200062, 
China 

E-mail address: hbrui@math.ecnu.edu.cn 

M.S. Department of Mathematics, East China Normal University, Shanghai, 200062, 
China 

E-mail address: 520506010110student.ecnu.edu.cn 



